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ABSTRACT: The excluded-volume effect on the distribution function of the square radius of gyration, P(P), 
and the principal components (XI 1 X2 2 A,) of a linear chain is investigated by using the t-expansion method 
developed by Jasnow and Moore. For P(P), the unperturbed distribution function is obtained, provided that 
S2 is rescaled by the perturbed square radius of gyration, (S’); furthermore, a value of 0.162 for (S2)/(R2) 
is obtained. The results for the principal components are improved: the undesirable divergence of X1 in the 
limit of large N which was reported in the previous work is removed. The improved Xi:Xz:X3 ratio is 11.3:2.47:1.00. 
In spite of the asphericity being smaller than that found in the Monte Carlo methods, it  is found that  the 
aspherical distribution is strengthened by the introduction of the excluded volume, as predicted by the Monte 
Carlo methods. 

Equilibrium properties of a single polymer chain im- 
mersed in dilute solution are characterized by various 
quantities: the mean-square radius of gyration, the 
mean-square end-to-end distance, orthogonal principal 
components,’ span,2 distribution functions, etc. These 
quantities can be completely known when based on a 
random flight chain model, provided that self-interactions 
between units constituting a backbone chain are not con- 
sidered. The existence of repulsive interactions in a real 
polymer chain, however, changes the laws which are held 
to be valid for the random flight chain. This problem, 
called “excluded volume”, has attracted much interest in 
polymer physics in the past 30 years, and the history of 
its investigation is summarized in a textbook by Yama- 
k a ~ a . ~  

In particular, for the important quantities of end-to-end 
distance and its distribution function, Edwards has in- 
vestigated their asymptotic behavior by the self-consist- 
ent-field m e t h ~ d , ~  and the results are in close agreement 
with experimental predictions. The explicit form, however, 
of the distribution function of the square radius of gyration 
in the perturbed state has not yet been obtained, because 
a major difficulty in treating it lies in the fact that it is 
not Gaussian even in the unperturbed state, notwith- 
standing the fact that the end-to-end distribution function 
is Gaussian. We attacked this problem by using a first- 
order perturbation method within the usual two-parameter 
theory5 and obtained the explicit expression for the dis- 
tribution function of the square radius of gyration for a 
ring chain in two dimensions.6 

The concept of “principal components” of a polymer 
chain, Le., the components of the radius of gyration along 
the axes of inertia, is a very important one, as it describes 
the aspherical distribution of segments around the center 
of mass.’ Recent development is due to Solc and Stock- 
mayer,‘ who showed, by Monte Carlo methods, that in the 
absence of the excluded-volume effect surprisingly high 
ratios of principal components are found: 

Xi:X2:X3 N 12:2.7:1 (1) 

Doi and Nakajima* proposed a method for theoretically 
estimating the principal components by considering chain 
conformations in Fourier space and showed that it re- 
produces the ratios in eq 1 fairly well. It has been shown 
that the aspherical distribution of segments plays an im- 
portant role in the theory of chain statistics, excluded 
volume, and nonequilibrium properties of polymer solu- 
t i o n ~ . + ’ ~  

Wei4J5 have considered the effect of excluded volume 
on the principal components themselves, based on the 

approximate model proposed by Doi and Makajima and 
on the phenomenological expansion parameter which ap- 
pears in the boson operator formalism of polymer dynam- 
ics developed by Fi~man.’~J’ There, it has been shown 
that the asphericity is further strengthened by the intro- 
duction of excluded volume, as predicted by Monte Carlo 
studies ~ ~ c . ~ ~ J ~ J ~  The asphericity has been, however, ac- 
companied by the undesirable result that the longest 
component, X1, increases infinitely with the increase in 
excluded-volume parameter z while the other two com- 
ponents, X2 and AS, converge to finite values as z ap- 
proaches infinity. 

In order to solve these excluded-volume problems, the 
renormalization group (RG) approach, based upon scaling 
concepts,20 has offered us a new clue.21 As is well-known, 
many valuable results in polymer physics have been de- 
rived by this approach, and these are summarized in the 
monograph of de Gennes.21 In the RG approach, the 
“critical” exponents play an especially important role. 

Dynamical aspects of polymer chains in solution are 
described in terms of the exponent z (which is different 
from the excluded-volume parameter z and must not be 
confused with it), by which, for example, the characteristic 
times T of the internal relaxation modes can be described, 
leading to a power law dependence on z as T - N”. 
Jasnow and Moore23 have obtained z for a single polymer 
to the order of t (=4 - d )  for the bead-and-spring 
(Rou~e-Zimm~~) model in &dimensional space by an ap- 
proximation of the t expansion in the RG method. Their 
result insists that the effective force constant, ak, behaves 
as ak2 N (k/N)2+t‘8 up to the order of t in the presence of 
excluded volume, where k ( = l ,  2, ..., N) specifies the mode 
number and N is the number of beads in the Rouse-Zimm 
model. The cxk are, of course, related not only to the in- 
ternal relaxation of Rouse modes but also to the instan- 
taneous, aspherical distribution of segments. 

In this paper, we discuss two problems: the problem of 
the distribution function and the problem of the principal 
components of the ellipsoidal form of a chain. In these 
problems, the excluded volume is treated by the e expan- 
sion of the RG method, where the method employed is 
similar to, but somewhat different from, that of Jasnow 
and Moore. In the first problem, our attention will be 
focused on obtaining the characteristic function of the 
distribution of the square radius of gyration, from which 
the shape of the distribution function and its nth moment 
can be obtained. In the second problem, which is closely 
related to that of the square radius of gyration, our aim 
is directed to an improvement of the result reported in the 
previous work.14J5 
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Perturbed State Vector near  Four  Dimensions 
Let us start with the usual bead-and-spring model rep- 

resented by the creation and annihilation operators, i.e., 
bt and b, introduced by Fi~man.'~J' In this formalism the 
perturbed state vector I p )  and the operator La acting on 
it 

N N  

k = l  161 
La = CbktmAkl*[bl + (b1,V-I (2) 

L" lp )  = 0 (3) 

satisfy the equation 

with 
N N  

i = l  j=l 
Akl 2kTakalC CQkiQlj[P'sij T(rij)l (4) 

where (,)- represents the commutation relation in the 
boson system and T is the Oseen tensor. Here, in the 
d-dimensional space, the creation and annihilation oper- 
ators have d components: 

d d 

i=l r=l 
bkt E Cbk:ei bk E Cb@i ( 5 )  

with ei being a unit vector in the x ,  y, ..., d - 1 and d 
directions. bk and bkt are related to ~k through the relation 

qk = ( l / (Yk)2- ' / ' (bk + b k t )  (6) 

where ~k are normal coordinates (k = 1, 2, ..., N). The qk 
are used to obtain the real-space coordinates rk,  repre- 
senting bead conformations, as follows: 

N N 

k = l  1=1 
ri = Qikqk q k  = C Q k F l  (7) 

where 
Qik = 1/N1/'(2 - 6kO)'/' COS ( ikr /N) (8) 

Further, (Yk in eq 4 is given by 
(Yk2 = 2db-' sin2 (k*/2N) N (d /2b ' ) (k~ /N)~  (9) 

where b is the averaged spring length and the second re- 
lation is caused by the large values of N. Of course, the 
"excited" state I p )  deviates from the ground state 10) due 
to the perturbation V in eq 2, such as excluded-volume 
forces. 

Now, following Jasnow and Moore,23 we represent the 
interaction term, V, by using terms of the creation and 
annihilation operators in the d-dimensional space. Here, 
for simplicity, we assume that the interaction potential 
between beads is a 6 function. Thus, V can be written as 

(10) V = PZx6(rij) I P ~ ~ ~ , @ ( r z - r j )  
i l  i l D  

By using eq 7, the exponential part in eq 10 becomes 

eiD.(rt-rj) = eXP[-(P2/2)Ffk2] exP[iP*Cfk(bk + bkt)l (11) 

where we have used the relations 
k 

f k  = ( l / f i a k ) ( Q k i  - Qkj) (12) 

and 

(13) r. .  p r. - r ,  = 11 I Cfk(bk + bkt) 
k 

Thus, we have 

6(rij) = @ K d l m d p  pd-' exp(-cijp2 - ip-r,) (14) 
0 
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where we have used the notation 

cij = (1/2)Cfk2 (15) 
k 

and the identity 

Expanding the right-hand side of eq 14 in powers of rij and 
retaining only the term riF, we obtain 

-d(flKd/8)C(bk + bkt)2(Yk2C(C~j)-(d+2)/2(Qk~ - Qkj)' 
k i j  

(18) 
where the diagonal approximation has been used;26 i.e. 

fkfkj(bk + bkt).(bk, + bkJt) fk2(bk 4- bkt)2 (19) 

Here we notice that, in the limit of large N ,  the following 

(20) 

As discussed by Jasnow and Moore,23 the summations over 
i and j in eq 17 are very sensitive to the space dimen- 
sionality d. When we examine the Nand  k dependences 
of the summations, we can find different behaviors, de- 
pending on whether d < 4 or d > 4. At  the special di- 
mensionality d = 4, the leading corrections are logarithmic 
ones, and thus, by using eq 9, we can easily obtain the 
following relations, valid for large values of N: 

relation is available: 
cij E li - jlb2/2d 

v = (1/2)CGk(bk bkt).(bk bkt) (21) 
k 

with26 
Gk = 128K4/3b-4 In (kn/N) + ... (22) 

After calculating the commutation relation (bk, V)- and 
substituting the result into eq 2, we can obtain La of eq 
2 in terms of bt and b, and finally the solution of eq 3 can 
be given for the case of the special dimensionality d = 4 
by 

I p )  = eXp[-(1/2)CGk(l + Gk)-'bkt'bkt]lO) (23) 
k 

Detailed derivation of eq 23 and approximations contained 
there are fully discussed in Fixman's paper.16J7 

Now, we consider how the coefficient of bkt-bkt in eq 23 
can be determined. For this, we consider the case when 
the space dimensionality d is slightly smaller than 4, i.e., 
when c = 4 - d > 0. In any case, of course, it should be 
chosen so as to make observable quantities, such as the 
mean-square radius of gyration, have the correct power 
laws for small deviations from d = 4; i.e., the following 
relation should hold: 

(S2)  = b2WY b2w+'/a (24) 
to the order oft .  From this, the coefficient of In (kr /N)  
in eq 22, i.e., 128K&W4, must be taken to be equal to t/8 
(see ref 26). Thus, we have 

1 4- Gk = (k*/N)'/a (25) 

I p )  = exp(-(l/P)C[l - (N/kn)'+'/']bkt.bkt)lO) (26) 

This is our desired form which is valid for small values of 

Finally, eq 23 can be written as 

k 

e. 
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Characteristic Function 
The distribution function of the square radius of gyra- 

tion for a linear chain in d-dimensional space is defined 
by 

p(s2)  = (016(s2 - (1/N)xqk2)lp) (27) 

Here, we will define the characteristic function, C ( p ) ,  from 

P(S2)  = ( 2 ~ ) ~ 1 + ~ d p  exp(-ipS2)C(p) (28) 

Then, C ( p )  can be written with terms of the creation and 
annihilation operators as 

k 

C h )  = n(olexP[-(ip/2Nffk2)(bk + bkt).(bk bkt)lb) 
k 

(29) 

We can easily evaluate the above matrix elements. By 
using eq 9, we have the following result valid for large 
values of N: 

State vector Ip)  has all of the information about the 
shape of the distribution function, P(S2),  and its moments, 
(S2") (n is an integer). For example, the second moment, 
(S2), can be given by the cumulant expansion as 

(S2) N N1+' /8E(1 /k~)2+f /8  (31) 

N 0.1353N1,125 for t = 1 (32) 

and the mean-square end-to-end distance, ( R 2 ) ,  can also 
be calculated as16J7 

k 

( R 2 )  N N1+'/8E[l - ( - l )k ] ( l /k~)2+ ' /8  (33) 
k 

N 0.8346N1,125 for t = 1 (34) 
Now the perturbed distribution function itself, P(S2) ,  

can be obtained from the Fourier transform of eq 30 in 
either the analytical or the numerical way, and since these 
problems have been discussed in pertinent l i t e r a t ~ r e , ~ ~  we 
will not refer to them in this paper. We will, however, 
point out that, up to the order of t, the perturbed distri- 
bution function P(S2)  has the same form as the unper- 
turbed distribution Po(S2), which itself is a function of 
S2/ ( S2)o, provided that the rescaled variable S2/ ( S 2 )  is 
used in P(S2)  instead of the original variable, S2/(S2)o. 
Here, ( S2)o represents the unperturbed mean-square ra- 
dius of gyration and (S2) is given by eq 31. 

Principal Components A,, Xz, and X3 
The three principal components, hl, X2, and X3, are 

quantitative measures of the asphericity of the distribution 
of beads (segments), and they are also affected by excluded 
volume. All of the Monte Carlo experiments18Jg as well 
as the theories developed by Gobush, Solc, and Stock- 
mayer12 and by us14J5 predict that the introduction of 
excluded-volume forces further strengthens the asymmetry 
of the distribution of beads. Our previous calculations, 
however, have contained the undesirable result of an 
anomalous increase of X1 (i-e., the longest component) with 
an increase in the excluded-volume parameter z .  

In this section we will remove this deficiency by applying 
the preceding results. In order to do this, we will put t = 
1, i.e., d = 3. Then, the principal components are given 
approximately by8J4J5 

By using the explicit expression for ( p )  as given by eq 23, 
we obtain the following relations after calculation of the 
matrix elements: 

where ah2 = 3k2r2/21\r2b2 (see ref 14 and 15). 
Having discussed in the preceding sections terms up to 

the order of E, we can now state that the force constant in 
d-dimensional space changes from the unperturbed ones, 
f f k ,  to the effective ones, &k,  as 

&'k2 = ak2(1 + Gk) (d/2b2)(k~/N)2+'/8 (41) 

Thus, putting t = 1 (i.e., d = 3) in eq 41 and substituting 
eq 41 into eq 38-40, we can rewrite X i  by using the re- 
normalized force constant, &, as 

N 

k = 2  

N 

k = 3  

= N-'[3/2E12 + 1 1/2Ek2] (42) 

(43) A2 = N-'[I/C; + 11/2Ek2] 

N 

(44) 

After the summations over k, we obtain the following re- 
sults, which are expected to hold for large values of N 

X1 N 1.1805w.'25b2 (45) 

X2 N 0.2569w.125b2 (46) 

X3 N 0.1041N1.125b2 (47) 
These results are correct to the order of t. In the present 

treatment the anomalous behavior of XI is eliminated. The 
improved ratios of the principal components in the per- 
turbed state are 

hi:X2:h3 = 11.3i2.47~1 (48) 
This result should be compared with that obtained for the 
unperturbed ~ t a t e : ~ J * J ~  

XI:X2:X3 = 9.2212.27~1 (49) 
The comparison with the previously obtained results is 
tabulated in Table I. . 

The asphericity in the present result is smaller than 
those from the Monte Carlo method and the theory, as 
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Table I 
Ratios of the Three Principal Components  
method/model  a N b  h , : h 2 : h ,  ref 

Monte Carlo/RW 50 11.8:2.70:1 1 
Monte Carlo/RW 100 11.7:2.71:1 1 
Monte Carlo/( five-choice walk) 200 12.1 : 2.7 2: 1 1 

Monte Carlo/RW 63 11.7:2.70:1 19 
Monte Carlo/SAW 9 14.6:3.04:1 19 
Monte Carlo/SAW 15 15.0:3.04:1 19 
Monte Carlo/SAW 33 14.6:3.04:1 19 
Monte Carlo/SAW 63 14.7:3.00:1 19 
Monte Carlo/SAW m 14.8:3.06:1 18 
smooth-density model 

Monte Carlo procedure: m 14.9:3.08:1 12 

empirical distribution m 16.7:3.28:1 1 2  

empirical distribution m 28.7:4.75:1 1 2  

RW 

z =  3.75 

function: z =  3 

funct ion:  z -+ - 
analytical RW m 9.22:2.27:1 8 
previous work SAW m -:3.62:1 15 
this work  SAW - 11.3:2.47:1 

RW = random walk; SAW = self-avoiding walk. N = 
the number of steps (segments). 

shown in Table I. This disagreement may be mainly at- 
tributed to the approximate nature of the present model. 

Conclusion and Comment 
In this paper, we have been concerned with the square 

radius of gyration, its distribution function, and the 
principal components which are closely related to the 
square radius of gyration, using the t expansion of the 
renormalization group method within the order of c. The 
results obtained are summarized as follows: (i) The 
characteristic function of the distribution of s2 is given by 
eq 30, from which we find that the distribution function, 
P(S2), in the perturbed state has the same form as that in 
the unperturbed state, provided that S2 is rescaled by the 
perturbed square radius of gyration, ( S2), which is given 
by eq 31. (ii) ( S 2 ) / ( R 2 )  in the perturbed state is 0.162, 
as compared to 0.167 for the perturbed state and to 0.155 
obtained from Monte Carlo studies on lattice chains.28 (iii) 
The values of the principal components in the perturbed 
state are given by eq 45-47, and X1:X2:X3 = 11.3:2.47:1, 
which is an improvement over the previous result. 

Finally, we give a comment. We have recently per- 
formed a Monte Carlo simulation by a model which is 
different from the lattice chain model. There, a soft-core 

potential between segments is assumed. Then, the result 
for ( R 2 )  is slightly different from that of the lattice chain 
model, and it seems that it is rather similar to that of the 
first order of c. This will be published elsewhere.29 
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