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ABSTRACT: The excluded-volume effect on the distribution function of the square radius of gyration, P(S?%),
and the principal components (A; = Ay = A3) of a linear chain is investigated by using the e-expansion method
developed by Jasnow and Moore. For P(S%), the unperturbed distribution function is obtained, provided that
S? is rescaled by the perturbed square radius of gyration, (S?); furthermore, a value of 0.162 for (S%)/(R?)
is obtained. The results for the principal components are improved: the undesirable divergence of A, in the
limit of large N which was reported in the previous work is removed. The improved Aj:h A4 ratio is 11.3:2.47:1.00.
In spite of the asphericity being smaller than that found in the Monte Carlo methods, it is found that the
aspherical distribution is strengthened by the introduction of the excluded volume, as predicted by the Monte

Carlo methods.

Equilibrium properties of a single polymer chain im-
mersed in dilute solution are characterized by various
quantities: the mean-square radius of gyration, the
mean-square end-to-end distance, orthogonal principal
components,! span,? distribution functions, etc. These
quantities can be completely known when based on a
random flight chain model, provided that self-interactions
between units constituting a backbone chain are not con-
sidered. The existence of repulsive interactions in a real
polymer chain, however, changes the laws which are held
to be valid for the random flight chain. This problem,
called “excluded volume”, has attracted much interest in
polymer physics in the past 30 years, and the history of
its investigation is summarized in a textbook by Yama-
kawa.3

In particular, for the important quantities of end-to-end
distance and its distribution function, Edwards has in-
vestigated their asymptotic behavior by the self-consist-
ent-field method,* and the results are in close agreement
with experimental predictions. The explicit form, however,
of the distribution function of the square radius of gyration
in the perturbed state has not yet been obtained, because
a major difficulty in treating it lies in the fact that it is
not Gaussian even in the unperturbed state, notwith-
standing the fact that the end-to-end distribution function
is Gaussian. We attacked this problem by using a first-
order perturbation method within the usual two-parameter
theory® and obtained the explicit expression for the dis-
tribution function of the square radius of gyration for a
ring chain in two dimensions.®

The concept of “principal components” of a polymer
chain, i.e., the components of the radius of gyration along
the axes of inertia, is a very important one, as it describes
the aspherical distribution of segments argund the center
of mass.” Recent development is due to Solc and Stock-
mayer,! who showed, by Monte Carlo methods, that in the
absence of the excluded-volume effect surprisingly high
ratios of principal components are found:

AMiAgAg =~ 12:2.7:1 1)

Doi and Nakajima® proposed a method for theoretically
estimating the principal components by considering chain
conformations in Fourier space and showed that it re-
produces the ratios in eq 1 fairly well. It has been shown
that the aspherical distribution of segments plays an im-
portant role in the theory of chain statistics, excluded
volume, and nonequilibrium properties of polymer solu-
tions.%13

We!415 have considered the effect of excluded volume
on the principal components themselves, based on the
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approximate model proposed by Doi and Makajima and
on the phenomenological expansion parameter which ap-
pears in the boson operator formalism of polymer dynam-
ics developed by Fixman.'®!” There, it has been shown
that the asphericity is further strengthened by the intro-
duction of excluded volume, as predicted by Monte Carlo
studies etc.!2!81% The asphericity has been, however, ac-
companied by the undesirable result that the longest
component, A;, increases infinitely with the increase in
excluded-volume parameter z while the other two com-
ponents, A, and Aj, converge to finite values as z ap-
proaches infinity.

In order to solve these excluded-volume problems, the
renormalization group (RG) approach, based upon scaling
concepts,? has offered us a new clue.”! As is well-known,
many valuable results in polymer physics have been de-
rived by this approach, and these are summarized in the
monograph of de Gennes.?! In the RG approach, the
“critical” exponents play an especially important role.

Dynamical aspects of polymer chains in solution are
described in terms of the exponent z (which is different
from the excluded-volume parameter z and must not be
confused with it), by which, for example, the characteristic
times 7 of the internal relaxation modes can be described,
leading to a power law dependence on z as 7 ~ N?.
Jasnow and Moore? have obtained z for a single polymer
to the order of ¢ (=4 - d) for the bead-and-spring
(Rouse-Zimm?*) model in d-dimensional space by an ap-
proximation of the ¢ expansion in the RG method. Their
result insists that the effective force constant, «;, behaves
as o,% =~ (k/N)?**/® up to the order of ¢ in the presence of
excluded volume, where k (=1, 2, ..., N) specifies the mode
number and N is the number of beads in the Rouse-Zimm
model. The «; are, of course, related not only to the in-
ternal relaxation of Rouse modes but also to the instan-
taneous, aspherical distribution of segments.

In this paper, we discuss two problems: the problem of
the distribution function and the problem of the principal
components of the ellipsoidal form of a chain. In these
problems, the excluded volume is treated by the ¢ expan-
sion of the RG method, where the method employed is
similar to, but somewhat different from, that of Jasnow
and Moore. In the first problem, our attention will be
focused on obtaining the characteristic function of the
distribution of the square radius of gyration, from which
the shape of the distribution function and its nth moment
can be obtained. In the second problem, which is closely
related to that of the square radius of gyration, our aim
is directed to an improvement of the result reported in the
previous work.!415
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Perturbed State Vector near Four Dimensions

Let us start with the usual bead-and-spring model rep-
resented by the creation and annihilation operators, i.e.,
bt and b, introduced by Fixman.!%!7 In this formalism the
perturbed state vector |p) and the operator L® acting on
it

N N
L= El lzlbk*'Akz'[bz + (b, V)] (2)
satisfy the equation
L%p) =0 (3)
with

N N
Ay = 2kTakal,=ZI EleiQu[ﬂ” 15; + T(x;)] (4)

where (,). represents the commutation relation in the
boson system and T is the Oseen tensor. Here, in the
d-dimensional space, the creation and annihilation oper-
ators have d components:

d d
byt = Zhy'e; b= Lhye (5)

i=1 i=1
with e; being a unit vector in the x, y, ..., d - 1 and d
directions. b, and b, are related to g, through the relation
Q. = (1/0p)27V%(by, + by (6

where q, are normal coordinates (k =1, 2, ..., N). The q,
are used to obtain the real-space coordinates r,, repre-
senting bead conformations, as follows:

N N
r=2Qudy @ = XQur (7
k=1 I=1
where
Qi = 1/NY%(2 - 6,912 cos (tkm/N) (8)

Further, @, in eq 4 is given by

a,? = 2db2 sin? (kx/2N) =~ (d/2b%)(kr/N)* (9)
where b is the averaged spring length and the second re-
lation is caused by the large values of N. Of course, the
“excited” state |p) deviates from the ground state |0) due
to the perturbation V in eq 2, such as excluded-volume
forces.

Now, following Jasnow and Moore,? we represent the
interaction term, V, by using terms of the creation and
annihilation operators in the d-dimensional space. Here,
for simplicity, we assume that the interaction potential
between beads is a § function. Thus, V can be written as

V= BLL(r;) = gL el (10)
i iJ P
By using eq 7, the exponential part in eq 10 becomes

e T) = exp[—(p?/ 2)§fk2] exPUP'%fk(bk +bN (1D

where we have used the relations
fo = (1/V22)(Qui - Q) (12)
and
r;Er-r = %fk(bk + by (13)

Thus, we have

é(r;) = 6de;wdp p¥texp(~c;p? - ip-ry) (14)
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where we have used the notation
i = (1/2)§ka (15)
and the identity
= ” d-1
. =K, fo dp p*i. (16)

Expanding the right-hand side of eq 14 in powers of r;; and
retaining only the term r;? we obtain

V= —(3Kd/2);jrij2j;wdp p?*! exp(-c;;p?) 17
= ~-d(BK;/ 8)§(bk + b2 2 () @ D/AQy; — Q))*
ij
(18)

where the diagonal approximation has been used;? i.e.
fifw(by + bN)-(by + byY) =~ fi2(by + bN2 (19)

Here we notice that, in the limit of large N, the following
relation is available:

c; = |i - jlb*/2d (20)

As discussed by Jasnow and Moore,= the summations over
i and j in eq 17 are very sensitive to the space dimen-
sionality d. When we examine the N and k dependences
of the summations, we can find different behaviors, de-
pending on whether d < 4 or d > 4. At the special di-
mensionality d = 4, the leading corrections are logarithmic
ones, and thus, by using eq 9, we can easily obtain the
following relations, valid for large values of N:

V= (1/2)zk:Gk(bk + b,Y):(b, + b') (21)

with?
G, = 128K,8b* In (kx/N) + ... (22)

After calculating the commutation relation (b, V). and
substituting the result into eq 2, we can obtain L°® of eq
2 in terms of b and b, and finally the solution of eq 3 can
be given for the case of the special dimensionality d = 4
by

lo) = eXp[—(1/2)§Gk(1 + G)byb,"0)  (23)

Detailed derivation of eq 23 and approximations contained
there are fully discussed in Fixman's paper.16!

Now, we consider how the coefficient of by'b,' in eq 23
can be determined. For this, we consider the case when
the space dimensionality d is slightly smaller than 4, i.e.,
when ¢ = 4 —d > 0. In any case, of course, it should be
chosen so as to make observable quantities, such as the
mean-square radius of gyration, have the correct power
laws for small deviations from d = 4, i.e., the following
relation should hold:

<S2) = b2N2v ~ b2Nl+e/8 (24)

to the order of ¢. From this, the coefficient of In (k7 /N)
in eq 22, i.e., 128K,3b™*, must be taken to be equal to ¢/8
(see ref 26). Thus, we have

1+ G, = (kxr/N)4/8 (25)
Finally, eq 23 can be written as
o) = expl—(l/z)%j[l ~ (N/km)*</81b, b, "|0) (26)

This is our desired form which is valid for small values of
€.
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Characteristic Function

The distribution function of the square radius of gyra-
tion for a linear chain in d-dimensional space is defined
by

P(8% = (0|6(S% - (1/N)§qk2)|P> (27
Here, we will define the characteristic function, C(u), from
+w@

P(s?) = 20 [ du exp(-inSHCR)  (28)

Then, C(r) can be written with terms of the creation and
annihilation operators as

Clu) = IkT(OleXp[—(iu/ZNakQ)(bk + bih):(b, + bH]le)
(29)

We can easily evaluate the above matrix elements. By
using eq 9, we have the following result valid for large

values of N:
2b%uf N \2+o/8 -4/
dN \kr (30)

State vector |p) has all of the information about the
shape of the distribution function, P(S%), and its moments,
(S?") (n is an integer). For example, the second moment,
(S?), can be given by the cumulant expansion as

<52> ~ N1+‘/S§(l/k7r)2+‘/8 (31)

C(u)=H[1—
k

~ (.1353N!1%

and the mean-square end-to-end distance, (R?), can also
be calculated as®!?

<R2> o~ N1+e/8§[1 _ (_1)k](1/kﬂ,)2+e/8 (33)

fore=1 (32)

~ (.8346N1125 fore=1 (34)

Now the perturbed distribution function itself, P(S?),
can be obtained from the Fourier transform of eq 30 in
either the analytical or the numerical way, and since these
problems have been discussed in pertinent literature,” we
will not refer to them in this paper. We will, however,
point out that, up to the order of ¢, the perturbed distri-
bution function P(S?) has the same form as the unper-
turbed distribution Py(S?), which itself is a function of
S%/(S8%),, provided that the rescaled variable S?/(S?) is
used in P(S?) instead of the original variable, $?/(S?),.
Here, (S?), represents the unperturbed mean-square ra-
dius of gyration and (S?) is given by eq 31.

Principal Components )\, A,, and ),

The three principal components, A;, Ay, and A3, are
quantitative measures of the asphericity of the distribution
of beads (segments), and they are also affected by excluded
volume. All of the Monte Carlo experiments!®!® as well
as the theories developed by Gobush, Solc, and Stock-
mayer!? and by us'*!® predict that the introduction of
excluded-volume forces further strengthens the asymmetry
of the distribution of beads. Our previous calculations,
however, have contained the undesirable result of an
anomalous increase of A; (i.e., the longest component) with
an increase in the excluded-volume parameter z.

In this section we will remove this deficiency by applying
the preceding results. In order to do this, we will put ¢ =
1, i.e., d = 3. Then, the principal components are given
approximately by®1415
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N
A = N'X0|[q;q; + EQ(Qk'Q1)2/|‘11|2] |0} (35)

Ay = N0l [q: - ax(araz) /la,*]* +

% TR PR TR O TR VAL Nk
k=3 |ap — 41(q;rqs) /]q )

o) (36)

N
Ay = N—1<0‘k§3[Qk‘(ql X q)?/la; X @offllp)  (37)

By using the explicit expression for |po) as given by eq 23,
we obtain the following relations after calculation of the
matrix elements:

3 N 1
A = N + 38
! [ 20[12(1 + Gl) k§22ak2(1 + Gk) ] ( )

1 N 1
Ay = N1 + 39
g [ C(22(1 + GQ) k§32ak2(1 + Gk) ] ( )

N 1
= N-1 —_—
Xs N [EaZakQ(l + Gk) ] (40)

where a;,? = 3k*r?/2N?b? (see ref 14 and 15).

Having discussed in the preceding sections terms up to
the order of ¢, we can now state that the force constant in
d-dimensional space changes from the unperturbed ones,
ay, to the effective ones, &, as

& = (1 + Gy) =~ (/2% (kr/N)P*®  (41)

Thus, putting ¢ = 1 (i.e., d = 3) in eq 41 and substituting
eq 41 into eq 38-40, we can rewrite \; by using the re-
normalized force constant, &, as

N
A\ = NY3/2&,% + kZ 1/2a;% (42)
=2
N
}\2 = N_l[l/&zz + kz 1/25:k2] (43)
=3
N
A3 = N‘lkz 1/2&?2 (44)
=3

After the summations over k, we obtain the following re-
sults, which are expected to hold for large values of NN:

A; & 1.1805N1125p2 (45)
Ay =~ 0.2569N1125p2 (46)
g & 0.1041N1125p2 (47)

These results are correct to the order of ¢. In the present
treatment the anomalous behavior of A, is eliminated. The
improved ratios of the principal components in the per-
turbed state are

ApAgiAg = 11.3:2.47:1 (48)

This result should be compared with that obtained for the
unperturbed state:®141%

MihgiAg = 9.22:2.27:1 (49)

The comparison with the previously obtained results is
tabulated in Table I. .

The asphericity in the present result is smaller than
those from the Monte Carlo method and the theory, as
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Table I
Ratios of the Three Principal Components
method/model? Nb  xmm, ref
Monte Carlo/RW 50 11.8:2.70:1 1
Monte Carlo/RW 100 11.7:2.71:1 1
Monte Carlo/(five-choice walk) 200 12.1:2,72:1 1
RW
Monte Carlo/RW 63 11.7:2.70:1 19
Monte Carlo/SAW 9 14.6:3.04:1 19
Monte Carlo/SAW 15 15.0:3.04:1 19
Monte Carlo/SAW 33 14.6:3.04:1 19
Monte Carlo/SAW 63 14.7:3.00:1 19
Monte Carlo/SAW ~ 14.8:3.06:1 18
smooth-density model
Monte Carlo procedure: = 14.9:3.08:1 12
z=3.75
empirical distribution o 16.7:3.28:1 12
function: z=3
empirical distribution o 28,7:4,75:1 12
function: z > «
analytical RW oo 9.22:2,27:1 8
previous work SAW o0 «:3.62:1 15
this work SAW o 11.3:247:1

@ RW = random walk; SAW = self-avoiding walk. ® N=
the number of steps (segments).

shown in Table I. This disagreement may be mainly at-
tributed to the approximate nature of the present model.

Conclusion and Comment

In this paper, we have been concerned with the square
radius of gyration, its distribution function, and the
principal components which are closely related to the
square radius of gyration, using the ¢ expansion of the
renormalization group method within the order of . The
results obtained are summarized as follows: (i) The
characteristic function of the distribution of S? is given by
eq 30, from which we find that the distribution function,
P(S?%), in the perturbed state has the same form as that in
the unperturbed state, provided that S? is rescaled by the
perturbed square radius of gyration, (S?), which is given
by eq 31. (ii) (S?)/(R?) in the perturbed state is 0.162,
as compared to 0.167 for the perturbed state and to 0.155
obtained from Monte Carlo studies on lattice chains.? (iii)
The values of the principal components in the perturbed
state are given by eq 45-47, and ApAgh; = 11.3:2.47:1,
which is an improvement over the previous result.

Finally, we give a comment. We have recently per-
formed a Monte Carlo simulation by a model which is
different from the lattice chain model. There, a soft-core
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potential between segments is assumed. Then, the result
for (R?) is slightly different from that of the lattice chain
model, and it seems that it is rather similar to that of the
first order of . This will be published elsewhere.?®

References and Notes

(1) (a) Sole, K.; Stockmayer, W. H. J. Chem. Phys. 1971, 54, 2756.
(b) Sole, K. Ibid. 1971, 55, 335.

(2) Rubin, R. J. J. Chem. Phys. 1972, 56, 5747.

(3) Yamakawa, H. “Modern Theory of Polymer Solutions”; Har-
per and Row: New York, 1971.

(4) Edwards, S. F. Proc. Phys. Soc. London 1965, 85, 613.

(5) See, for example, ref 3.

(6) (a) Minato, T.; Hatano, A. Polym. J. 1977, 9, 239. (b) Minato,
T. Ibid. 1977, 9, 479.

(7) Kuhn, W. Kolloid-Z. 1934, 68, 2.

(8) Doi, M.; Nakajima, H. Chem. Phys. 1974, 6, 124,

(9) Kurata, M.; Stockmayer, W. H.; Roig, A. J. Chem. Phys. 1960,
33, 151,

(10) Chikahisa, Y. J. Phys. Soc. Jpn. 1966, 21, 2324,

(11) (a) Koyama, R. J. Phys. Soc. Jpn. 1967, 22, 973. (b) Ibid. 1968,
24, 580.

(12) Gobush, W.; Sole, K.; Stockmayer, W. H. J. Chem. Phys. 1974,
60, 12.

(13) Mattice, W. L. Macromolecules 1980, 13, 506.

(14) Minato, T.; Hatano, A. Macromolecules 1978, 11, 195.

(15) Minato, T.; Hatano, A. Macromolecules 1978, 11, 200.

(16) Fixman, M.; J. Chem. Phys. 1966, 45, 785.

(17) Fixman, M. J. Chem. Phys. 1966, 45, 793. Horta, A.; Fixman,
M. J. Am. Chem. Soc. 1968, 90, 3048. Stidham, H.; Fixman,
M. J. Chem. Phys. 1968, 48, 3092,

(18) Mazur, J.; Guttman, C.; McCrackin, F. Macromolecules 1973,
6, 361.

(19) Kranbuehl, D.; Verdier, P. H. J. Chem. Phys. 1977, 67, 361.

(20) Sez‘, for example: Wilson, K. G.; Kogut, J. B. Phys. Rep. 1974,
12C, 1.

(21) See, for example: de Gennes, P. G. J. Polym. Sci., Polym. Lett.
Ed. 1977, 15, 623.

(22) de Gennes, P. G. “Scaling Concepts in Polymer Physics”;
Cornell University Press: Ithaca, N.Y., 1979.

(23) Jasnow, D.; Moore, M. A. J. Phys. (Paris) 1977, 38, L467.

(24) (a) Rouse, P. E. J. Chem. Phys. 1953, 21, 1272. (b) Zimm, B.
H. Ibid. 1956, 24, 269.

(25) The off-diagonal elements are very small and negligible com-
pared to the diagonal elements.!®

(26) The numerical factor is different from that in ref 23. This is
because, in the four-dimensional space, we consider all four
components while Jasnow and Moore considered only one
component.

(27) (a) Fixman, M. J. Chem. Phys. 1962, 36, 306. (b) Coriell, S.
R.; Jackson, J. L. J. Math. Phys. 1967, 8, 1276. (c) Flg'ita, H,;
Norisuye, T. . Chem. Phys. 1970, 52, 1115. (d) Solc, K
Macromolecules 1972, 5, 705. (e) Gupta, S. K.; Forsman, W.
C. J. Chem. Phys. 1971, 55, 2594. (f) Minato, T.; Hatano, A.
J. Phys. Soc. Jpn. 1977, 42, 1992,

(28) Domb, C.; Hioe, F. T. JJ. Chem. Phys. 1969, 57, 1915. Ibid.
1969, 57, 1920 and further references cited therein.

(29) Minato, T.; Ideura, K.; Hatano, A,, in preparation.



